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Discrete Foureir Transform

Any periodic function can be expressed in a Fourier series representation. The discrete-time
Fourier transform (DTFT) X(@) of a discrete-time sequence x(n) is a periodic continuous
function of ® with a period of 27. So it cannot be processed by a digital system. For
processing by a digital system it should be converted into discrete form. The DFT converts
the continuous function of @ to a discrete function of . Thus, DFT allows us to perform
frequency analysis on a digital computer.

The DFT of a discrete-time signal x(n) is a finite duration discrete frequency sequence.
The DFT sequence is denoted by X(k). The DFT is obtained by sampling one period of the
Fourier transform X(®) of the signal x(n) at a finite number of frequency points. This
sampling is conventionally performed at N equally spaced points in the period 0 < @ < 27 or
at @ = 27k/N; 0 < k = N — 1. We can say that DFT is used for transforming discrete-time
sequence x(n) of finite length into discrete frequency sequence X(k) of finite length.

The DFT is important for two reasons. First it allows us to determine the frequency
content of a signal, that is to perform spectral analysis. The second application of the DFT is
to perform filtering operation in the frequency domain.

Let x(n) be a discrete-time sequence with Fourier transform X(®), then the DFT of x(n)
denoted by X(k) is defined as:

X(k) = X(0)| fork=0,1,2.....N—1

w={2akiN)*

The DFT of x(n) is a sequence consisting of N samples of X(k). The DFT sequence starts at
k = 0, corresponding to @ = 0, but does not include k = N corresponding to @ = 27 (since
the sample at @ = 0 is same as the sample at @ = 27).

To calculate the DFT of a sequence, it is not necessary to compute its Fourier
transform, since the DFT can be directly computed.

DFT The N-point DFT of a finite duration sequence x(n) of length L, where N = L is
defined as:

N-1 N-1
DFT{x(n)}=X(k)= Y, x(me > =Y x(mW*; fork=0,1,2,....N-1
=[] =0

IDFT The Inverse Discrete Fourier transform (IDFT) of the sequence X(k) of length N is
defined as:

N-1 _ N-I
IDFT(X(R)) = x() = 3, X(0)e™ =LY X(OW™s forn=0,1,2,....N-1

k=0 k=0

where Wy = ¢7%"™ is called the twiddle factor.
The N-point DFT pair x(n) and X(k) is denoted as:

.x(n]<[l—F:T> X(k)
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Example 1 (a) Find the 4-point DFT of x(n) = {1, -1, 2, -2} directly.
(b) Find the IDFT of X(k) = {4, 2, 0, 4} directly.
Solution:

(a) Given sequence is x(n) = {1, -1, 2, =2}. Here the DFT X(k) to be found is N =
4-point and length of the sequence L = 4. So no padding of zeros is required.
We know that the DFT {x(n)} is given by

N-1 N-1 3
X(k) = Z x(n) Wnk _ Z x(n) e—j(Z:{IN)n!i— _ Z x(n) g—jmﬂjnk C k=0,1,2.3
n=0 n=0 n=0

3
X(0) =Y x(n) e’ =x(0)+x(D+x()+x(3)=1-1+2-2=0
n=10

3
X(]} = Z x{n)e—ﬂn’ﬂ}n — I(G)-‘f-_[(l) E—(jn’:‘?J + 1(2} E—jx +}C(3) E-j(jm'gj
n=0
=1+ (=D =) +2(-1-j0) - 2(0 + j)

=—1-j

3
X(2)= Y x(m)e ™ = x(0) + x(1) ™" + x(2)e 2" + x(3) eI
n=10

=1-1(-1-j0)+2(1-j0)-2(-1-,0)=6

3
X(3) =Y x(n)e /" = x(0)+x(1)e /) + x(2)e T + x(3)e /O
n=0

=1-1(0+ )+ 2(-1— j0)—-2(0— j)=—1+
X(k) = {0, -1 -, 6, -1 +j}
(b) Given DFT is X(k) = {4, 2, 0, 4}. The IDFT of X(k), i.e. x(n) is given by

1 ! ] 1 N-1 . |
I(n}:_z X(k)wn—lrni = _Z X(k)EJ[QJﬂN}n.{
N 2o N 2o

1 ;
ie. x(n)=—3 X(k)e! ™"
4 k=0

3
x(0) = i Z X(k)e" = i[xm) + X+ X(2)+ X(3)]
k=0

1
= [4+240+4]=25

[ - 1 . . _
x(h) =7 X, X(ke! ™ = Z[Xm) + X 4 X(2)e + X(3)e/ O |
k=10
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1
=I[4+2(0+j}+0+4(i]—j)]=1—jG.S

3
x(2) = % 2 X(ke'™ = %[xm) + X"+ X2) e + X(3)e”" |
k=0

1
=14+ 2(-14 jO) + 0+ 41+ jO)] = =05

1 < . 1 _ . _
xQ) =7 > X(k)e! T = Z[X(U)JrX(l)e“jxm +X(2)e?" +X(3)eﬂm1]
k=0

=%[4+2(D—j)+0+4(0+j)]=l+j0.5

x3(n) = {2.5, 1 — j0.5, - 0.5, 1 + jO.5)

Example 2 (a) Find the 4-point DFT of x(n) = {1, -2, 3, 2}.
(b) Find the IDFT of X(k) = {1, 0, 1, O}.

Solution:
(a) Given x(n) = {1, =2, 3, 2}.
Here N =4, L = 4. The DFT of x(n) is X(k).

N-1 3 3
X(k)y=Y x(mWy' = x(n)e =N x(n)e /T k=0,1,2,3

r=() =10 =1}

3
X(0)= Y x(m)e” = x(0)+ x(1) + x(2)+ x(3)=1-2+3+2=4

n=1}

3
X{l} = z x{n}e_ﬂﬂﬂ)n — x[{-”_l_x{l}e—_f[ﬂfl) +I{2}E_J“ + X{S}E—_f{lﬁﬂ]

n=10

=1-20- ) +3(-1-jO)+2(0 + j)= -2+ j4

3
X(2)= x(me™ ™ = x(0) + x(e™/™ + x(2)e™ 2T + x(3)e ™"
=10

=1-2(-1-jO)+3(1— jO) +2(—1— jO)=4

3
X(3)= 2 x{”}e—mm:n = x(0)+ xu}e—;umzl +x[2)e_-’3” n 1[31{‘_,—_;[9:“1;
n=0

=1-2(0+ j) +3(=1— jO)+2(0— j)=—2— j4
X(k)={4,-2+ j4,4, -2 j4}
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(b) Given X(k) = {1, 0, 1, 0}
Let the IDFT of X(k) be x(n).

| N = -
= — XYW ™ = X(k JI2miN ik
x(n) N E (k) N E (k)e

k=10 k=0

3
x(0) =lz X(k)e" = i[xm) +X(D)+X(2) +X(3)]= i[l +0+1+0]=0.5

k=0

3
x(1) = %2 X(k)e " = [xm} + X(1)e!'™ 1+ X(2)e’™ + xmeﬁ“m]

k=0

-

=1[1+n+ei"+n]=l[1+ﬂ—1+ﬂ]=n
4 4
1 o 1 . 5 .
1{2}=Zz X(k)e'™ =Z[X(ﬂ}+X{l}e”+X{2;le’ T+ X(3)e’ “}
k=0

=i[1+n+eﬁ"+n]=i[1+n+1+t}]=n,5

3
x(3) = lz X(k)e! BTk - % [xm) + X)) 4 X(2)e)T + X(?.}e”‘*“”?'}

k=0

—lirore P ro1=140-1401=0
4 4

The IDFT of X(k) = {1, 0, 1, 0} is x(n) = {0.5, 0, 0.5, 0}.

Example 3 Compute the DFT of the 3-point sequence x(n) = {2, 1, 2}. Using the
same sequence, compute the 6-point DFT and compare the two DFTs.

Solution: The given 3-point sequence i1s x(n) = {2, 1, 2}, N = 3.
' N-1

2
DFT x(n) = X(k) = Y, x(mWy" = Y x(n)e /*™ " k=0,1,2

si=0 i=(}

— x[ﬂ}_l_x{l}e__ﬂz.ﬁf}m+x{2)e—j{4ﬂf}]ﬁ:

=2+ (cns%mﬁ: —jsin%rk)+ 2((:054;5:— jsin%mﬁ:)
When k = 0, Xk)=X0)=2+1+2=5
When k = 1, Xk=X1)=2+ (cnsz—m—jsinz—m)+ 2((:054—?:— jsin4—n)

3 3 3 3
=2+ (-0.5-j0.866)+ 2(-0.5+ jO.866)
= 0.5+ j0.866
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3
=2 +(=0.5 + j0.866) + 2(=0.5 — j0.866)
=0.5— j0.866

3-point DFT of x(n)=X(k)=1{5.0.5+ Jj0.866, 0.5 — j0.866}

To compute the 6-point DFT, convert the 3-point sequence x(n) into 6-point sequence by
padding with zeros.

x(n)=1{2,1,2,0,0,0}, N=6

' N-1 5
DFT{x(n)}= X(k)= Y x(mWy' =Y x(m)e/®"™™ | =0,1,2,3,4,5

When k£ = 0,
When kK =1,
When k = 2,
When k = 3,
When &k = 4,
When k = 5,

si=l) fi=l)

— x{ﬂ)_l_ x{l}{,—jfz.ﬁfﬁ)k +x{2;|€—ﬂ4.f[fﬁ}k +x{3}e—j{ﬁﬂfﬁ}k +x{4)g—j{gﬂfﬁ]k

+ X(S}E—jfl[lﬂfﬁu

_ 9 4 RINE | 5 2RIk

X0)=2+1+2=5

'xm =2 ¢ /TR 4 9pmi2TR)
=2+(0.5— j0.866) + 2(-0.5 — j0.866)=1.5— j2.598

=2 +(-0.5— j0.866) + 2(-0.5+ j0.866) = 0.5+ j0.866

X(3) = x(0) + x()e /O™ 4 x(2)e” /O
=2 +(cosmT — jsinm) + 2(cos2T — jsin2T)
=2-14+2=3

X(4) = x(0) + x(D)e /4 4 x(2)e™ /57
( 4 . 4?:) ( ST o SE)
=2+ |cos— — jsin— |+ 2| cos— — jsin—

=2+ (=0.5 + j0.866) + 2(~0.5 — j0.866)
=0.5- j0.866

_3{5} = x(0) + x(1)e /™ 4 x(2)g /107
{ Smo 5::) ( 0T . m;r)
=2+|cos—— jsin— |+ 2| cos—— — jsin-
3 3 3 3

=2+4(0.5-j0.866)+ 2(-0.5+ jO.866) = 1.5+ j0.866
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DFT X(0) X(1) X(2) X(3) X(4) X(5)
3-point 5 0.5 + j0.866 0.5 — j0.866 - - -
6-point 5 1.5 - j2.598 0.5 + j0.866 3 0.5-j0.866 1.5+ j0.866

Since 6-point = 3 X 2-point
X(k) of 3-point sequence = X(2k) of 6-point sequence

A SLIGHTLY FASTER METHOD FOR COMPUTING DFT VALUES

The computation procedure given above is very lengthy and cumbersome. We can improve
the situation somewhat by using the powers of twiddle factor (Wy) instead of the factors of
e7*™_This procedure may be thought of as the forerunner of the method, using the Fast

Fourier Transformation (FFT) algorithm,

As stated above, we use the powers of Wy in the multiplications instead of ¢”*™") and
its factors. Figure 1 and Table 1 show the powers of W for various DFTs.

3

Wy =

W, =0.707 + j0.707

W=
WS =—0.707 — j0.707
Wi =—1 W, =1 Wy =1
1 Wy =—0.707 - j0.707
Wi=—j

(a) 4-point DFT

Figure 1: Values of W] for 4-point and

o
W =1

Wy =0.707 - j0.707

.

Wy =-j

ib) 8-point DFT
B-point DFTs

Table 1 showing powers of the factor Wy, for 4-point and 8-point DFTs
Twiddle factor 4-point DFT Twiddle facior 8-point DFT
WP | Wwe |
'wj —j 'W; 0.707 - j0.707
'wf -1 'wg —j
W j W _0.707 - j0.707
W= W | W -1
'wf =W, —j WS -0.707 — j0.707
.Wf _ W 0 -w;' ;
'wj =W, J W 0.707 + j0.707
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Example 4 Obtain DFT of the sequence -x[n.] = {x(0), x(1), x(2), x(3)} = {1, 0, -1, 2}.
Solution: Given .x{n} ={x(0), x(1), x(2), x(3)} ={1, 0, -1, 2}
Here N = 4

N-1 3
X(k)=Y x(mWy = x(m)W,"

n={} n=(

= x(OW, +x(DW, + x(QQW " +x(3IW,*,  k=0,1,2,3

X(0) = x(OW +x(DW + xQWL +xBW =1+0-1+2=2

X(1) = x(OW, +x(DW, + x(QW; +x3W, =1+ 0+ (=D(-D)+2j=2+ j2
X(2) = x(OWy +x(DW + x(W, + xBIW, =1+ 0+ (-D)(1) + 2(-1)=-2
X(3) = x(OW, + (W, + x(QW + xBIW, =1+ 0+ (-1)(-D)+2(-j)=2-j2

We get the DFT sequence as X(k) = {2, 2 + j2, -2, 2 — j2}.
Thus, we find that our new method is faster than the direct method of evaluating the DFT.

MATRIX FORMULATION OF THE DFT AND IDFT

If we let Wy = ¢7“™"), the defining relations for the DFT and IDFT may be written as:

N-1

X(k)=Y, x(mWy", k=0,1,....N—1
n=(]
1 N-1

x[n}:EZ X(Wy™, n=0,12....N-1

k=0
The first set of N DFT equations in N unknowns may be expressed in matrix form as:
X = WN}Z

Here X and x are N x | matrices, and Wy, is an N x N square matrix called the DFT matrix.
The full matrix form is described by

XO | \wy wy o owy o Wy [ x(0)
X | owy o oWy Wy e W x(1)
X@ |=\wy o owy oWy W x(2)
_X{N _ 1}_ _H":.? WJ{#T_” WJ%IN_” WJ‘N—I]{N—H_ _x{N _ 1}_
7
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THE IDFT FROM THE MATRIX FORM

The matrix x may be expressed in terms of the inverse of Wy as:
x=Wy' x

The matrix Wy' is called the IDFT matrix. We may also obtain x directly from the IDFT

relation in matrix form, where the change of index from n to k and the change in the sign of
the exponent in ¢/“™""™ Jead to the conjugate transpose of Wy. We then have

-x =%[W; T X

i -
Comparison of the two forms suggests that Wy' = ﬂw@ :

This very important result shows that W;" requires only conjugation and transposition
of Wy, an obvious computational advantage.

USING THE DFT TO FIND THE IDFT

Both the DFT and IDFT are matrix operations and there is an inherent symmetry in the DFT
and IDFT relations. In fact, we can obtain the IDFT by finding the DFT of the conjugate
sequence and then conjugating the results and dividing by N, Mathematically,

1 . .
x(n)=IDFT[X(k)]= E[DFT{X (k)11

This result involves the conjugate symmetry and duality of the DFT and IDFT, and suggests
that the DFT algorithm itself can also be used to find the IDFT. In practice, this is indeed
what is done.

Example 5 Find the DFT of the sequence x(n) = {1, 2, 1, 0}

Solution: The DFT X(k) of the given sequence x(n) = {1, 2, 1, 0} may be obtained by
solving the matrix product as follows. Here N = 4.

rxo] [we we wo wol[xo] [1 1 1 1][1] [ 4]
X |wd wy w2 owillx| |1 —j -1 j||2| [-j2
XQ) | |\wy wp owy wol|x@| [ -1 1 -1||1 0
X3 Wy Wy we oWy |lx®)] [t -1 —jjl0] | j2

The result is DFT {x(n)} = X(k) = {4, —j2,0, j2}.
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Example 6 Find the DFT of x(n) = {1, -1, 2, =2}.

Solution: The DFT, X(k) of the given sequence x(n) = {1, -1, 2, =2} can be determined
using matrix as shown below.

we o owe ow? w1 1] [ o ]
X = w) o owowpow, L A B A e B

wy owr o ow o owe| o |1o-1 1 -1|] 2 6

wyow) o owy w0 1 —i=2) [+

Example 7 Find the 4-point DFT of x(n) = {1, -2, 3, 2}.

Solution: Given x(n) = {1, -2, 3, 2}, the 4-point DFT{x(n)} = X(k) is determined using
matrix as shown below.

I S T N I N A

1 —j -1 jll-2| |—2+j4
DFT {x(n)) = X(k) = -

1 -1 1 -1l 3 4

_l j -1 -] 2_ _—2—]4_

DFT {x(n)} = X(k) = {4, -2 + j4, 4, -2 — j4)

Example 8 Find the 8-point DFT of x(n) = {1, 1, 0, 0, 0, 0, 0, 0}. Use the property
of conjugate symmetry.

Solution: For given x(n) = {1, 1, 0, 0, 0, 0, 0, 0},

N-1 .
X(k)= z x(n) e~ FCFNImk _ 2 x(n) eI Cm/8k

n=0 =0
=14+ /"% k=0,1,2,...,7
Since N = 8, we need to compute X(k) only for k < (8/2) = 4.

X(0)=1+1=2

X() =147 =140.707 - j0.707 = 1.707 — j0.707
X2)=1+e /™ =140-j=1-

X(3) =1+ /%™ =1-0.707 — j0.707 = 0.293 — j0.707
X@)=1+e " =1-1=0
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With N = 8, conjugate symmetry says X(k) = X (N — k) = X (8 — k) and we find
X(5)= X" 8— 5)= X"(3)=0.293 + j0.707
X6)=X"8-6)=X"(2)=1+]
X(T)=X"8=7)=X"(1)=1.707 + j0.707

Thus, X(k)={2,1.707 — j0.707,1—- j,0.293 — j0.707, 0, 0.293 + j0.707, 1+ j,1.707 + j0.707}

Example 9 Find the IDFT of X(k)={4. -2, 0, j2} using DFT.

Solution: Given X(k) = {4, -2, 0, j2} .. X*(k) = {4, j2, 0, -2}
The IDFT of X(k) is determined using matrix as shown below.

To find IDFT of X(k) first find f(k), then find DFT of }f(k], then take conjugate of
DFT {X*(k)} and divide by N.

DFT {X (k)}=

_— = =
I

IDFT [ X (k)] = x(n) = i[ﬁl, 8,4,0] = i[él, 8,4,0]=[1,2,1,0]

Example 10 Find the IDFT of X(k) = {4, 2, 0, 4} using DFT.
Solution: Given X(k) = {4, 2, 0, 4}
X'(k) = {4, 2,0, 4)

The IDFT of X(k) is determined using matrix as shown below.

To find IDFT of X(k), first find X (k), then find DFT of X'(k), then take conjugate of
DFT {X'(k)} and divide by N.

1 1 1 1[4 10
. 1 —j -1 jll2] |4+)2
PETIX - Ml= 1 1 4llo7T] =
17 -1 —jll4] |4-p2

| 1 *
IDFT {X(k)} = x(n) =—[10,4 + j2, = 2,4 — j2]' = {2.5,1- j0.5.-0.5,1 + jO.5}

10
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Example 11 Find the IDFT of X(k) = {1, 0, 1, 0}.

Solution: Given X(k) = {1, 0, 1, 0}, the IDFT of X(k), i.e. x(n) is determined using matrix
as shown below.

X"(k)=1{1,0,1,0}"={1,0,1, 0}
11 1 1][1] [2]

DFT {X (k)} = 1=

1 j -1 —jllo] |o

IDFT {X(k)} = x(n) = i[DFT (X" ()] = i{z, 0,2,0} ={0.5,0,0.5, 0}

11
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