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Chapter One

S,. Matrices S giuaall
(1) _Matrix
Def ;- the matrix is any rectangular array of real or complex number ,
which has (m) rows and ( n) columns , which can be written of the form

o K ain
A= aml ......oeeeennn. amn
Or A=(ajj)m*n,I=1,...... ,m ,j=1,......... ,

Def :- the number of rows and columns is called the size , or dimension of
matrix and denoted by (m * n) (read ( m by n ) matrix )

EX_:-

1 6 1/8 1 8 94 0
A = |5 12 0 ,B={11 47 -13 2

9 0 4 ) 3%*3 1 -12 0 9 )3*
(2) Matrices Operations

(a ) Equality of Matrices <ild ghuaal) (5 glud

Def :- two matrices are equal if and only if they have the same dimension and
their corresponding elements are equal

EL[-42580J [-42580}
A= 149 0 -1 5 J2*5 |, B=14 9 0 -1 5) 2*5
Ex2 :-

-5 1 1/7 [-5 1 1/7}
Let A=|8 16 0 )2*3 ,B=18  -16 0 ) 2*3

Then A= B
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(b ) Sum and Subftraction of matrices b siaall 7 b g aan

Def :- the matrix A + B , which is the sum of two matrices A and B
of the same order , is found by adding corresponding elements of A and B

Now , if A =(aijj)m*n , B=(bij)m*n
Then A+ B =(aij) m*n+ (bij )m*n

[(aij +bij)]  m*n

EX :-
-5 9 0 15 4 0
Let A= 6 -4 13/2*3 , B= 1 -3 -5 2*3

Find A+B
Sol:-

10 13 0
A+B = 7 -7 8 2*3

-20 3) 0
A-B = 5 -1 18 2*3

(C ) Multiplication by number dday o pual)

Def :- the product of anumber k and a matrix Am=n denoted by ( KA )m#n
, IS a matrix founded by multiplying each element of A by k

Ex :- Let
3 1 18 )
= 5 0 -2 k=4 find k. A
5 17 6 | 3*3
_/
Sol :- ~
12 4 1/2
KA =| 20 0 -8
-20 4/7 24 3*3
EXC :- _/
6 -2 1/7 -2 3 6/5 0
A = |5 1/3 0 , B=|0 1 -10 9
8 11 -0 3*3 1 -8 0 0 ) 3*4

k =-1/5thenfind A-B , A+kB, k(B-A)
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(d ) Matrices product <l ghuaal) i
Def :-The product of two matrices A and B is defined only on the
assumption that the number of columns in A is equal to the number of rows
in B
Now ; if A=(aijj)m*p and B=(bij) p*n
then (A B)=3" aik. bkj =(Cijy m*n=C.
k=1

EX :-
ail a2 ais b11 b1z
A =|ax ax az . B=| ba b22
ast as ass | 3*3 bs1 bs2] 3*2
Find "A*B
Sol :-
a11 bii+aizb21+aisbs: a11bi2+aizb22+ai3bsz
AB=| axibii+az2b21+az3bs: azibi2+azob22+az3ba2
asibi1+asz2b21+azsbst asibi2+az2b22+azsbsz | 3*2
Ex:- Let
2 0 -3 -3 2
A= |-1 0 4 2*3  , B= |7 3
0 -1 3*2
find A*B

Sol :-
[(2)(-3)+(0)(7)+(-3)(0) (2)(2)+(0)(3)+(-3)(-1) J
A*B =((-1)(-3)+(0)(7)+(4)(0) (-1)(2)+(0) (3)+(4) (-1)

-6 7
3 -6 | 2*2

Exc:- (H.W)
Let

5 -4 0 8 0 -1 4 1
A= {o 6 1} ,B:[S -1 4} ,C:[O (J
8 3 0J33 2 90 J3*3 L3 3*2

Find (AB),(BC),(CA),(A+B),(AC)+C ,9(AC) ,12(AC)-4(BC)
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Theorm (1)
if A,B,C bematricesand K real number then
1)A+(B+C)=(A+B)+C
(2) A+B =B+A
3) K(A+B)=KA+KB
(4)A(BC)=(AB)C
(5)A(B+C)=AB+AC
Proof :-
(1) Let A=(aij)m*n , B=(bijy)m*n , C =(cij)m*n
L.H.S
A+{B+C}=(aij)m*n + {(bij)m*n + (cijym*n}
= (aij)m*b + { (bij +cij)m*n } (by Sum law)
= {(aij +bij +cij )m*n } (by Sum law )

since aij ,bij ,cij are elements in R then they have associative property

={ (aij + bij ) + cij}m*n
= { (aij +bij )m*n +(cij)m*n }
={ (aij)m*n + (bij)m*n } + (cij)m*n
={A+B}+C

Remarks :-

(1) matrices multiplication is not commutative
AB £ BA

2 10 [3 3}
AB= |1 1| , BA= 4 0

(2) AB may be equal to 0 with neither Anor B equalto 0
i.e AB=0,butA=0, B =20

EX :-
-2 4 1 2
B = E_ -2} ,A: -1 -2
F
AB= 0 0
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(3)IFA.B=A.C thatisnotnecessarytobe B=C

EX :-
[ 2 4 J [ 4 2} 4 14
A= 4 8- ,B=L 6 4 , C=|10 -2
32 20 [32 20}

AB= 64 40 : AC = (64 40

Kinds of Matrices <ld ghuadl) £1 i)
(1) zero matrix :- is a matrix all of whose elements are zero and is denoted

by Om*n

EX:-

A=(0 0 O = O23
O 0 O

0O 0 O
Ox= |0 0 O
0O O

(2) square matrix :- is a matrix has the same number of rows and columns
EX:-

aii di2 ais
A = az1 a2 az3
ds1 ds2 dss
Remarks :-
(1) square matrix has ( main diagonal ) with its elements

air , a2 , as3
(2) the trace of matrix is the sum of elements of the main diagonal

ie if A=(aij)n*n T(A)= Y aii
= autax+ ......... +ann
EX:- let
-7 3 9
A= 0o 5 -8 find T(A)
2 6 12
sol :-

T(A)=(-7)+(5)+(12) =10
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( 3) Diagonal matrix :- is a square matrix which all elements are zero except
elements of diagonal

Ex:-

0 0 441 3*3
(4) Row matrix :- a matrix with only one row and ( n) columns

A= 3 0 7 0 192 4] 14

(5) Column matrix :- a matrix with only one column and (m) rows

EX:- .

>
1|
N o o~wwaou

6*1

~ J

(6) Lower triangular matrix :- a square matrix A= (aij) n*n such that
aij=0 forall i <j

EX:
22 0O O
A=7 8 0
0 9 2 3*3

(7)) upper triangular matrix :- a square matrix A= (aij)n*n such that
aij=0forall i>]

33 2 7
A 30 4 -55
0 0 1/9 J3*3
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(8) Identity matrix :- a square matrix of order n which every diagonal
elements are equal to 1 and other elements are equal to O denoted by In

Ex:-

1 0 1 0
lo=| 0 1 k! O 1 O

Note :- let An*m be a matrix and In be identity matrix then

Al=1 A=A
Special Matrices ladll  cldsiaal)
(1) Periodic Matrix ag 9l 48 ghaall

Def :- Amatrix A suchthat A" = A iscalled periodic matrix , where
K is positive integer number .

Ex :- Show that A is periodic matrix of degree two

-2 -6
A=3-3 2 9
2 0 3] 3*3

(2)ldempotent Matrix Al dygluia 4dshuas
Def :- A matrix A suchthat A* = A s
called ldempotent matrix

EX :- Zero matrix is idempotent matrix .
H.W :- Give an example of an idempotent and periodic matrix .

(3) Nilpotent Matrix 6 580) da gana 43 ghaall

Def :- Amatrix A suchthat A" =0 iscalled Nilpotent matrix , where
P is positive integer number .
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Ex :- Show that A is nilpotent matrix of degree two

1 -3 -4
A= [—ll 3 4 J
3 -4 J3*3

Sol:-
1 -3 -4 1 -3 -4 0 0 0
A=11 3 4 |.| -1 3 4 | =0 0 O
-3 4 1 -3 -4 0 0 0
A2 =AA=0
(4)Transpo se Of Matrix (48 shaall gia) 4dshuaall Jshia

Def :- If A=(aij)n*m then the matrix A" =(aji)m*n obtained by
_interchanging rows and columns is called Transpose of A

A hiadl 8 (Sally s Cogiall Jasaee VI Jlagul (e dailidigine & AT o) ) -3 Aiadk

A

Ex :-

6 1 -14 8
A=|-3 0 5 7

- *

0 -1/4 2 0 | 3%

6 -3 0 O
AT=1 0 -1/4

14 5 2

8 7 0 -/ 4*3
Theorem :-if A" and B are transpose of A and B , and if K is any

scalar number then :-
1) AN =A

2) (A+B)" = AT +B'
(3) (AB)' =B" . AT

4) (kA)' =kA'
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L. H.S

=[(cipm*n]’

=[(cji) n*m ]

= [(aji+Dbji)n*m]

T+BT

H_.W :-prove ( 3,4)

(5)Symmetric Matrix

then A’ =(aji) n*m , B =(bji) n*m

Proof -2 QW !

(1) let  A=(aij) m*n

L.H.S ) el Al

(A" = ((aij)" m*n)’

= ((@ji)n*m)’ by { (aij)’ m*n = (aji) n*m }
= (aij) m*n by { (aij)’ m*n = (aji) n*m }
=A

(2) let A=(aij) m*n , B=(bij) m*n

by { (aij)’ m*n = (aji) n*m }

) sl Al

(A+B)" = [ (aij)m*n + (bijjm*n]’

=[(aij +bij ) m*n ]T by  {(aij) m*n + (bij) m*n =(aij + bij ) m*n

by { (aij)’ m*n = (aji) n*m }

= (aji) n*m + (bji) n*m

50 Lital) 48 giuaall

Def :- A square matrix A such that

Sol :-

3 7 2
1 8 3
2 3 9

A=AT

A=

A =A" iscalled Symmetric Matrix.

Ex:- Define and given an example of a symmetric matrix

) e -

3 7 2
[18 3}
2 3 9
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Then A Symmetric matrix .

-6 3 5 6 3 5
B=|3 8 -7 , BT:[’;% 8 -7}

5 -4 0 -4 0

B=B'

Then B Symmetric matrix .
Theorem :-if Asquare matrix , prove that A+A' is symmetric
matrix .
Proof :-

We must prove that
[A+ AT =[A+A"]

L.H.S
[A+AT] s[AT+(AN'], by (A+B) =AT+B'
=A"+ A , by ANT = A
= A+A , by A+B=B+A

Then A+ AT is Symmetric matrix
(6)Skew -Symmetric _Matrix LSe35 Lital) 48 giaall

Def :- Asquare matrix A suchthat A = -A" iscalled
Skew-Symmetric Matrix.

Ex:
A = [o 6} , AT = [o ; J AT :{ 0 6}
6 0 6 0 6 0

A=-A'
0 1/3 5 0 -1/3 5
B=1|1/3 0 7 | B'= |1/3 0 -7
5 -7 0 5 7 0
1/2
_B'= [-1/3 0 7 J
5 -7 0

B=-B'
Then B Skew-Symmetric matrix .
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et N kil yealie 065 o g LSe35 ylali0e 48 shiae (e Jlie o g die -3 Aliadla
B iy S s (g s

H. W :- (1) Give an example of Symmetric and Skew-Symmetric
matrix such that the order of the matrix is (3*3) and (4*4) .
(2)Theorem :- if A square matrix , prove that A-A' is skew-
symmetric matrix .

(7)Orthogonal Matrix dlalaiall 43 shaal)
Def :- A square matrix A suchthat A.A" = AT.A=1 iscalled
Orthogonal Matrix .

EXx :-
1/2 0 1/2
A= [1/2 0 -1/2

0 1 0 3*3
Sol :-
1/2 12 0
AT = 0 1
1/2 -1/2 0 3*3
1 0 0
A.ATH 0 1 0
0 0 1 | 3*3
1 0 0
AT AS0 1 0
0 0 1)3*3
A.AT= AT A=

H. W :- (1) Give an example of Orthogonal Matrix such that the .
order of the matrix is (3*3) and (4*4) .

(2) Give an example of Orthogonal matrix of the order (3*3) and (4*4).
(3) Solve Exc-(1.3) Page(33)?
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Sy Linear Equations dohadl) e alaall
(1)Linear Equation dghadl) dalaal)

Definition :- any equation that can be written in the form

arXa+tazxe+.......... +anXn=0,wherear, az, ......... ,an are
real constantsand X1, Xz, ....,xn are variables, is called linear
equation ( first — degree equation )
EX -
(1) -7x+5z=6
(2) X1+ X2-3%3 +5x4 =-13
(3) —-m-h=1/5

(4) z1+22+23—-24=20

(2)Solution of equation Ualaad) Ja

Def :- solve an equation is to find the elements of the variables that makes the
equation true

(3) Solution set Jall de gana
Def :- the set of element of the variables that makes the equation true .

Remark AN
dabad Cusd Al Y alaal)

(1) xz+3y=3
2) 8x°—2w=1
(3) 4x—cos(y)=-2
(4) X1-3x2-Ln(x3)=-36
(4)System of linear equation Aolail) Alalaal) da glila
Def ;- is set of (M) of linear equations which has (N) of variables which can be
written in the form :-

annX1+awxe+....... +ammXn=b1
a1 Xt+axxe+....... + azn Xn = b2
aij ,I=1,....,m;j=1,...., J& ami X1 +am2 X2+ ....... + amn Xn = bm

( R)4@asl slaey) Jas ) <5 (constants)<w sin
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Remark :-

(1) The system of linear equation which has solution is called
( consistent system )
(2) The system of linear equation which has no solution is called
( inconsistent system )
(3) Any system of linear equations may have ( no solution , exactly one
solution , or an infinite number of solutions )
(5)System of Homogeneous Linear Equations 4wilyidl ciilaal dagliia

Def :- A system of linear equations of the form
anLxXitanXe+...... +awmXn=0

ami X1 +am2 X2+ ...... +amn Xn=0
in which the constant terms are all zero is called system of homogeneous
linear equations
Ex (1)
2X+4y+3w=0
X+2y-5w=0 L2
2X—-y+2w=0 > L3
Remark
(1)if n =m then the system has the only zero solution
(2 ) if m < n the system has infinite number of solution

v
I_
[EN

Elementary Operations on Matrices < iadl Jdo 414Y) cililasl)

(a) the interchange of two rows

( b) the multiplication of a row by an arbitrary non zero constant

( ¢) the addition of an arbitrary multiple of one row to another row in the
matrix

Def :- if the system of linear equations of m equations in n variables is

AL X1+ am X2+ oo, +ain xn=hs
azxXxi+azXet ..o +anxn="he
amiXit+amxe+ ............ +amn Xxn=bm
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then the matrix of the coefficients and the constant terms is called augmented
matrix and can be written in matrix form

a1l a2 ....... ain : b1
a2zl a2 ... azn b

ami amz2 .....amn :bm

3X+2Y-2=2 3 2 -1 ; 2
AX +AY+122=-4 ——> |4 4 12 ; -4
5X-3Y+4Z2=0 5 -3 4 ; 0

another way

let

A L g il caia 1)) Aa sl Aodeall Laall A 28 deadl S5 - ddaa

A8 ghiad) Jiu) (585 jlial (e LelalSy () S5l G iall -]

Jall e aal g g8 (soha e paie Jo) G Hlhal (e aldSy ¢ sSHY (oA Caall D
SE

Caall L aa)s QA (6 41 ¢ caall Jia Jlical (e Laglal (i Sia e (b (51 -3
i caall 8 aal g Jalal e Jle alj+]

EX : - ¢ 1lal 5 ¢ Lo An jaal) disally ¢ 5 ALY b ghuaad) g)-: ) s
1 0 8 3 9 6 1 - 09 0 -3
A=10 1 0 7 . B=0 0 5 -1,,C=0 0 1 O
O 0 1 4 O 0 1 - 0O 0 0 1
1 0 4 2 1 0 2 8
D=0 1 -3 -1 |,E= O 1 5 1 |
O 0 1 9 0O 1 6 7
O 0O O O
A aHxe B daa e C:aaxye (Dida e, Erdajyde e o
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S:. _Solution Of Linear Equations

1--By Gaussian Elimination

(uglS aial) 48y jhay Lbadl) cfalaall Ja

Ex :- solve the following system of linear equations by Gaussian elimination

3X +6Y +9Z =27
2X-Y+Z=8
3X-2=3

Sol =

1/3 R1 —R1
1 2 3 :9
[ 2 -1 1 : 8}
3 0 -1: 3

2R1+R2 __ [ R>
-3R1+R3s __,R 3

/123:9\

0O -5 -5: -10

\0 -6 -10: -24 )
-1/5R2 —» R2
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/1 2 3:9\
0 1 1 2
\0 0 -4: -12 /
-1/4R3 —> R
1 2 3:9)
0 1 1 2
0 0 113y
X +2Y + 3Z=9
+ Y +Z =2
Z=3
:>Z:3
by (2)

(Abeall A el Aipalls 48 sadll cinsal ()

Adadll c¥alaall aUas ) 38 gdeadll Jsai (Y]

Y+Z=2 ——> Y=2-3 ——> Y=-1

By (3)

X+2Y+3Z=9 = X-2+9=9 > X =2

Solution set :{ 2,-1.3 }

EXx 1:- solve the following system of linear equations by Gaussian elimination

4X+4Y +8Z=-4
3X-6Y +3Z=-15
3IX+Y+Z2=3
EX:2

2X1+2 X2+ 4X3—-10X4=6
2X1+5X2 — X3 —-9X4=-3
2X1+ X2 — X3+ 3Xs=-11
X1—3X2+2X3+7Xs=-5




/

N

O i A i) Al bl Aasally )5S LS sl ddeall Aisalls 48 hoadl calS 13
(M) (5 AYT o pealic anea ¢p5S5 aaly Q) e (g sing 53 2 sanll ) U da ) (i

EX:-

>

1
coor
cor o

O OO

SN

0
0O 0 O

2- By Gaussian-Jordan Elimination

OMsd — puglS cidad) 48y oy cialaal) Ja

238 i gy s allail Bieal) 8 sicaall 1 Audadll il abaal sl gas e Ayl o3 it

CAD i) Aghall A 2all 28 ghiadll 1) 48 sheadl)

Ex 1:- solve the following equations by Gaussian-Jordan  elimination
X1+ X2—-Xa=0 1 10 -1 :0
2X2+ X3 —2X4=3 0 2 1 -2 :3
2X1+ X2—Xa=0 2 1 0 -1 :0
X1+ X2-3X3=1 1 1 -3 0 :1
SOL :-
-2R1+R3_,Rs
-R1+ R4 —> Ra
4 N
1 1 0 -1 :0 1 1 0 -1 : 0
021 -2 :3|=—>12R2_,R2 (0 1 1/2 -1 :3/2
0O -10 1 :0 0O -1 0 1 : 0
0O 0 -3 1 1 0 0 -3 1 1
o _/
R2+R3 —R3




o oo

11 0 -1 :0
0 1 12 -1 : 3/2 2R3 » Rs3
0 0 12 0 :3/2

O 31 :1

3R3+R4 ——> R4

1 0 -1 :0
1 1/2 -1 : 3/2
0 1 0 : 3
0 O 1 : 10

A3 iy g A Fidall Al i

Ri+R1— R:
Ra+ R2 , R

1 1 0 0 : 10

0 1 1/2 0 . 23/2

0 0 1 0O : 3

0 0 0 1 10

-1/2R3+R2 — Re
/

1 1 0 0 :10

0 1 0 0 : 10

0 0 1 0 : 3

0 0 0 1 :10
N

-R2+R1 __ | R1

1 0O O 0 :0

0 1 0 0 :10

0 0 1 0 :3

0 0O O 1 :10
N

X1=0

X2=10

X3=3

b el O oy

1 1 0 -1 0
0O 1 1/2 -1 :3/2
0O 0 1 O 3
0O 0 -3 1 1

Aayaall Aodeall Aapally oY) 46 sioadl)
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X4=10
H. W
EXC :- solve By Gauss —Jordan
NO (1) :-
2X1+2 X2 —-2Xa=4
4X2+2 X3-4X4=6
-Xo+ Xa=-4
-3Xz+ Xa=-1
NO (2) :-
2X1+2X2—- X3+ Xs5=0
-X1-X2+2X3-3Xa+ Xs5=0
X1+ X2 -2X3 -Xs5=0
2 X3+ 2Xa+ 2Xs5=0

NO (3) :
2X1+ X2+ X3=8
3X1-2X2—-Xs=1
4X1—-7X2+3X3=0
NO (4) :-
2X1+ X2+ 3X3=0
X1+ 2X2 =0

2X2+2 X3=0

EXC :- solve By Gauss

NO (1) :-
4X1+8X2+2 X3=16
3X1-5X2—-X3z3=2
4X1—-3X2+2X3=1

NO (2) :-

2X1+2 X2 —4X3 + 2X4 +6X5 = 2

3X1+ 2X2 -4 X3 -3X4 -9X5 =3

2X1—X2+2X3+ 2X4+6X5=2

6X1 + 2X2 -4X3 =6
2X2 -4 X3 -6X4-18X5=0

NO (3) :-

X1+ 3X2-2X3+2Xs=5
2X1+6X2—5X3—-2Xs+4Xs5-3X6 =1




S, 3.4
& s LS A,

5X3+10Xs+ 15 Xe=5
2X1+6X2+2X4+18X6 =6

NO (4) :-

X1—-5X2-8X3+ Xa=3

3X1+ X2—-3Xs-5Xs=1

X1 - X3+ 2Xa=5
11X2+ 20X3 - 9X4=2

H.W
P.47 (5-2)
P.48  (10-7)

S~ Inverse of matrix

48 ghaal) u gS2a

Def :-If A square matrix and ,if there exists a square matrix A such that
AAT=AAT=1 thenwesaythat A™isaninverse of A.

EX:-

Theorem(1):- (1) (A™* )*=A
(2) (AB)'=B A*

3 (A" ) = (@A)

QAJSMS\ L_)‘bi
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Theorem(2):-
The inverse is unique if it exists .
Proof :-

Let A has two inverse

Band C
Then A.B=B.A=1In
And A.C=C.A=In
Now
B=B.(In)

=B (AC)

=(BA)C

=InC

=C
Then
B=C

48 ghiaall (pu gSaa dla) 44, 4b

— AU JSENG S A A8 ghaall (ugSaa il B NFN ds <ild 4d ghuaal) cuils 1)

[A:lIn ]l Jedlly n* 2ndaw «id 4 ghuaal) 0585 -1

Sandy A Fida) Lbiall Ay jaall 48 ghiaal) ) a5 ghdld) (pe ALl 4 shaall Jgad -2
[ C:D | &dudisal e

D=A71gd C=In <1y -3

OB Al ol A i) AbalSy e Je sgiai C b In st Y C il )Y -
Basase s ATl QAU ALE 2 A dbsiaal

Z\.ALQSJM-:Z\.BA»

[A\]] s [ I\AT]

EX:- Find A ! ofA

2 1 0
A= |1 0 2
0 2 3

Sol:-
[AVI] — [IVAT




0 2 0 0 1
1 02: 0 10
=210 : 100
023 : 00 1
2R1+R2 __JRe
1 0 2 : 0 1 0
0O 1 -4 : 1 -2 0 -2R2+R3s — Rs
002 3 : 0 0 1
1 0 2 : 0 1 0
01 -4 : 1 -2 0 1/11Rs — Rs
(00 1m:-2 4 1

1 0 2 : O 1 0
o 1 -4 : 1 -2 0
0O 0 1 :-2/11 411 1211

4R3+R2 — R2 , -2Rs+R1 —» R1
1 0 0 : 4/11 3/11 -2/11
0O 1 0 : 311 -6/11 4/11
O 0 1 : -211 4/11 1/11

Al=| 3/11 -6/11 4/11

-2/11 4/11 1/11

4 3 -2
Al= 1/11 [ 3 -6 4 J
2 4 1

[4/11 3/11 -2/11 J

S, 343
& s LS A,

Ri1dJuR2 Jaiw
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1 0 O 1 0 0
/11 0 11 O =1 0 1 0(=1
0O 0 11 0 O 1

EX :- Find At of A
1 2 3

A= [o 4 ZJ
1 2 3

: 0 O
[AVI] _, [NAY[ 0 4 2 :0 1 0
1 2 0

1 2 3 : 1 0 0
RI+R3_,R3| 0 4 2 : 0 1 O

0 0 :

O sSae 3 g0 Y AL AL Jia ) 4 hadll N A J) A S Y
EXc: -Find A?

3 1 2 2 1 2 1 -4
A=(-1 3 , B= 0O 1 3 , C= 1 -3 1
5 4 1 5 -2 -3

3- Solve the Linear Equation By Inverse Of Matrix
&M QA‘QSMS\ alddiuly M\ SN aleall Ja

EX :-

X1+ 2X2+2X3=-1
X1+3X2+Xs3=4
X1+ 3X2+2X3=3
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Sol:-
1 2 2 )[Xs -1
1 3 1 |[|[Xe|= |4
1 3 2 ||Xs 3
A X~ = B 'BASAA]\:\EM\QJ\eM\dF_;JQ\@JL
s sSxall i o G Sl L a5
G piall e Jass KB 4d gaiadll
AX=B
Al (AX) = A’ B
(AT A)X =A'B
|.X=A"'B
X=A'B
[AVI] L [IVAT A 3 siead) s sSaa Sad (1)

1 2 2 :1 00
[A\I]=[1 3 1 :0 1 0
1 3 2 :0 0

-Ri+R2 — , R,-R1+R3s —_, Rs3

1 2 2 : 1 0 0
o 1 -1: -1 1 0
o 1 0 : -1 O 1
. R+ Rs3——» Rs

1 0 4:3 2 0
0 1 -1:-1 1 0
0 0 1: 0 -1 1
-4R3 +R1 —*R1 , R3+tR2 — R
1 0 0 : 3 2 -4)
0 1 0 : -1 0 1
O 0 1 : 0 -1 1
3 24X
Al = [-1 0 1
0 -1 1]
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Gl el o Slo Jhans (Sl dga 0 A G sSaa B A ghadll i (2)

AlB
3 - -1
-1 4
0o - 3
-3 +8-12

1+0+3
0-4+3

= [
-l

X1=-7
Xe=4
Xz3=-1

EXC:- Solve the following system of linear equations by the invers
method .

NO(1):-
3X+3Y+62=3
4X +2Y =0
X+2Y+2Z=-1
NO (2):-

2X1+ X2 +5X3+ X4 =8

X1—-3X2-6X4=9

2X2— X3+ 2Xa=-5

X1+4X2-7X3 +6X4=0
X1=3,Xe=-4,Xz3=-1,Xs=1 =l
NO (3) :-

2X1+ 2X2-3X3=5
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2X1+ X2 —-6X3=10
-X1-2X2=-5

NO (4):-

X1+ 2X2+3X3+4Xsa=1
2X1—X2+5X3+3X4=-11
3X1+5X2+2X3+7X4=10
4X1+3X2+7X3+12X4=0

NO (5) :-

3X1—-2X2+ Xs+ Xa=4
X1+ X2—-2X3—-4X4=6
-2X1+5X2 - X3z3+ Xa=6
X1+ 3X2+3X3—-3X4=3

NO (6) :-

2X1—-3X2+ X3=5
2X1—X2+4X3=3
X1+4X2+2X3=6

Xi1=1, Xo=2 ,

Xs=-1 : aul)
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Chapter Two

Determinants Gl daaal)

2-1 Def:- For every square matrix there exist a function between the
matrix and the value of scalar number , this function is called

the Determinant of matrix ,and denoted by ( det(A) or |A| )

2-2 Method to found Determinant ddaall a3k

DIF Aru=a = |A| = a
2)If Ax2= [an aw | —— |A| = a1 . ax» —awr .az
azi a2
EXx:-
[8 ﬁ A = (-8)(0)-(5) (7)
A= 7 0 ———> =0-35=-35

3) If Asxs then
-: daada

( Diagonal expansion formula ) 4l 48, Jally ady Aad) s3a & saaall sl ¢
Llay) 4 ghaal) ) AN g Jg¥) 3 gand) Ciniai -1
ail di2 ais
A=| axz a2 azs
as1 as2 ass

(AN (a4 shaal) sl -2

ai a2 ais ai a2
|A | =laz1 a2 a3 a1 a2
as1 as2 ass as1 as2

(b LaS g Baand) 48 ghiaall jUad) o drad g o ghdy Jai -3

+ + +

a22

A | 5 a21

9//;/\
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Al 5L 3 pdY) DY 5 4 e B LA A oY) ASDEN Ja ghadl) daald 4
(AUl S 4 ghiaall 02gd asal) dlagl oty -5
+ ()l Js¥) hadll pealic @ pia Juala + o ) hadll jualic i duals )
dala - il phadll palic o pa deala - Al ) sall (AU pladll palic o Juala
Ol ) (A ) sl SN Skl pualie (g Juala — 4l (531 sall J5Y) Skl yualic Gy
A =ai1 az a3 + a2 azs as1 + ais a21 asz - a3 a2 ast -ail az3 as2 - a1z a1 ass
Ex:-(1)

1 0 3
A{ 1 2 -1 J find |Al
0 4 0

A =(1)(2)0)+(0)(-1)(0)+(3)(1)(4)-(3)(20)—(1)(-1)(-4)—(0)(1)(0)
| | =0+0-12-0-4-0

| A = -16
Ex:-(2)
1/4  1/-6 12
A=| 0 O -2 find |A|
2 8 0
Sol :-
+ + + - - -
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|A | =(/4)(0)(0)+(1/-6)(-2)(-2)+(12)(©0) (8)—(1/2)(0) (-2)- (1/4) (-2)(8) — (1/-6) (0)( 0)
= 0+2/3-0- 0+ 4 -0
= 2/3 +12/3
|A | = 14/3

2-3 Properties Of Determinants Gilddaall (al A

TH(1):- If all elements of one row (or column ) of A are zero ,then |A =0
Ex:-(1)

6 8 3
A:[Z 1 -9} — |A]=0

0O 0 O

TH(2):- If there exist two rows ( or columns) are equal then |A| =0
Ex:-(2)

[4 7 -4 J
A= |1/7 0 1/7 |:>| A | =0
0 4 0 |

TH(3):- If two rows and (or columns) of A are interchanges then the
determinant of the resulting matrix B is( | A| ), l.e |B | =- |A -

Ex:-(3)

— | Al = (3)(-1)(2)+0+0-0+2 =-6+2=-4

But
4 3 2
B= [-l -1 0 J
3 1 0

—=>|B| = 0+0-2+6-0 =4
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TH (4) :- If two rows (columns ) of matrix A are proportional ,then A=0
Ex(4)

8 4 -8
A{l 0 1J:>|A| -0

4 2 -4
TH (5) :- If amatrix B results from a matrix A by multiplying all
elements of A by K then |B|7|KA|,i.e(| KA = K| Al
)
Ex:-(5)

3 6 ‘9 18

A= [2 0 J K=3 = |KA = |2 0 |=0-36=-36
but
N s0a2 =12 o kKlA =3(-12) =-18

Then K|A| =z |KA

TH (6) :- If a matrix C results from a matrix A by multiplying all elements in
one row (or column) of A by K then |C| = K |A| ,ie((A=1/KcC|)
Ex:-(6)

1 0
A= [-7 -3] K=2 = Ikal=114 6 |=-6+0=-6

but
N -as0=3 = KIA |=2(-3) =-6
Then K|A|:|C|

TH (7):- If a multiple of any row (or column ) of a determinant is added to
any other row (or column) ,then value of the determinant is not changed

TH(8):- The determinant of the pTodUﬁt of two matrices is the product of

their determinants ie ( |AB = A |B|)
In general

ALA2 e, An |= |A1] . |A2| .. |An |
Ex:-(8)




S, 3.4
& s LS A,

6 0 9 0O 6 9
A= |1 6 4 ,B=15 0 6
7 2 6 1 -1 1/4

Find Al | Bl , |AB |, [BA

TH(9):- If A triangular matrix then the determinant of A is equal the

product of the elements of main diagonal i.e( A = ai11.a22.a3s........... ann
Ex:-(9-1)
a1l a12 a13
A= 0 a22 a3 | = |A| = ail1 a2 ass
0 0 ass
Ex:-(9-2)

4 -7 8
A=| 0 5 4 —  |Al= (4)(5)(-1)=-20
0 0

7 0 0
A= |12 8 0| = | A= (-7)(8)(-2)=112

3 0 0
A= 1 7 9 = |A|= 33
5 8

3 1 4 )
A= |0 7 5 = |AT|:33
9 8




Ex:-(11)
1+ 2 —1i _ 1—1i 2+
A:[(i - J — A= [-i +] J

A = (1+i)(-i)=(2- i) Al= (1) (i) -(2+ 1) (H)
=-i+1-2i-1 =i1+1+2i-1
—  =-3] =+31i
(A| = 3]
TH (12) :-
A = 1/]A]

Ex:-(12)
3 4 [ -1 4/3}
Let A= |3 3 AT = 1 -1

Find Al and [A7
Sol :-
A| = (3)(3)-(4)(3) =9-12=-3

Al = (-1)(-1)=(4B)(1)=1-43=-1/3
AT = 1A

2-4 Cofactor Expansion & Applications (881 pall Jalal) Adans) g i)

Def :- The Cofactor of square matrix A is ( cof(A) = Aij = (-1)" M ij

. (ke
i oseadls i Caall Cida ae Le Wleas iy (n—1)* (n—1) A
A 3 el o] el i s M 225 Ji

Ex:-(1)
0 1 2
LetA=| 3 4 -1 , Find cof (A)

Sol:

S, 3.4
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G alic yeaie JSU G5 pall Jaladl a3 ) i A 2 sioadl) 38 yall Julal sl sic
ol LS 5 8 il

4 -1‘

3 4 |= 1(-16-3)=-19

Cof (0) = A= (-1)" [Mu F(-1)°
3 -1

Cof (1)=An=(-1)° -2 -4 l=(1) (-12-2)=14

Cof(2)=A13=(-1)" |-2 -3 |=(+1) (-9+8)=-1

0 1
Cof (3)=A21=(-1)° |-2 -3 |=(-1) (0+2)=-2

0 2
Cof (4)=A2=(-1)* [-2 -4 ‘: (+1) (0+4)=4
0 1 ‘
Cof(-1)=As=(-1)>1-2 -3 [=(-1) (0+2)=-2
1 2
Cof (-2)=Ast=(-1)* 14 -1 1| = (+1)(-1-8)=-9
0 2
Cof(-3)=A2=(-1)>13 -1 ! =(-1) (0-6)=6
2
Cof (-4)=As3=(-1)° '3 4! =(+1)(0-3)=-3
A1l A1 A13 -19 14 -1
Cof (A) = A1 Az A3 = -2 4 -2
A3l A3 A33 -9 6 -3
Exc :-(1)
-3 4 1/2
LetA= | -1/3 2/3 0 |, Find cof (A)
1/4 -15 1
Exc : -(2)
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5 2 1 0

LetA= | -4 5 0 5 | ,Find cof (A)
1 0 1 0
2 -3 01

(381 jal) Jalad) 48y oy daaal) Slal

Theorem:- If A =(aij)n*n , Then

(1) |Al =zair Al +aic A+ ........... ain Ain 1<i<n
OR
(2) |A| =a1j Al +a2j A2t ........... anj Anj 1<j<n

- s At

Jleal¥) e S e g giag ol Caall gl 0 ganll AV o5 000 A8 Hla Jad) 5 (1)
JUA (e 22aall ala) ay 2o 4y, L3 (2)

(Ail, Ai2 ..., Ain) caall 138 palial Gl dalall alagl 5 | cacall ity (91 A
(Alj, A2, ..., Anj) 2sexd) 138 yualinl (331 yall Jaladl gl 5 j 2 sandl iy (Al A )
(N>3) 055 losie 3aius 2y bl oda (3)

Ex: -
o -1 2
LetA= | 1 -2 O ,Find | A
0 2 3
Sol:- (Aohill ade Guai g J oV Cacall 34U Gapu ) A5V AW aasding -z Jall
A| =all A1 +a12 A12 + a13 A13 — (i=1)

= (0)A11 +(-1) A2+ (2) A13

el e WS A1, A2, A1 @) dsY) caall palial 48 jall Jal gall 2 o) e Y
2 0
A1 =(-1)*" 2 3 L(n(ﬁ—m:@

3 -1
Au:@n“ZLQ 4 Lou(s—mze

3 4
Am:«n“3L2 3 1= (1) (2-0)=2
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| A| =aw1 A1 +a12 A2+ a13 A13
=0(-6)+(-1)(-3)+(2)(2)
=0+3+4
=7
ao il ale (gudat g CAlU) & gaall 2AL (o g ST Bald) JUD) i
| A| =a13A13 +a23 A3+ a33 As3
| A| =(2)A13 +(0)A23+ (3) As3
t b WSy A3, A23, A3z () QU 3 ganll ualial 488 jall Jal gall 25 Y

1 -2
Az =(-1)% ‘o 2 1=(1)(2-0)=2

o2
Az=(-1)%"% |10 2 |=(-1) (0)=0

12
A=(-1)** |1 2| =@Q) (0+1)=1

| A| =a13A13 +a23A23+ a3 A3z
=(2)(2)+(0)(0)+(3)(1)
=7
a3l e e 39 (5) ) i (51 aladiuly aaall and o)) adaions 13K
& e Akl Buai ) aaaiod (Baa) 53 shady ) Cilg &l 3 A ggu HIS) A3y Hhay - AB2adla
.LSL\LASJJJACJ\L_LA

+ - +
1 -3 6
Ao | 428
0o 8 2
4 0 ‘1 0 1 -4
:+(1)‘8 2 L(e) 0 2 +(6)‘O 8‘
=(1)(-8-0)-(-3)(2-0)+(6)(8-0)

= -8+6 +48 =46




Exc : -Evaluate the determinant of the following matrices by using cofactor

(1)
4 6 2 -1

LetA=| -3 0 4 9 Find | A |
0 0 0 4
1/4 -1 -4 -3

(2)
0 4 6
LetA=| 2 -4 2 Find | Al
1 7 -0
Exc:-Evaluate the determinant of the following matrices by using properties of
determinant
5 8 -2
(1) LetA= 0 0 , Find |A|
- 0 -3 1
1 -7 -
0
(2)LetA= 1/4 -1/4 3 ,Find | A
1/3
5 1 2 -3
(3) LetAl= 0 0 -4 -4 JFind A |
0 173 0 1
1/5 0 1 0
3 2 0 12 )
(4) LetA= 0 2 -1 -4 0
2 0 2 1 2
0 2 4 > 7
\Z2 4 2 3 -1 )

S, 3.4
& s L AASA.
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Theorem:- If A =(aij)n*n , Then

ail Ak1 + ai2 Ak2+ ............. +ain Akn =0, Where 1=Kk
OR
aljAlk + az2j Akt ............. +anjAnk =0 , Where j=Kk

-1 (ALBi g g ) Aiadka

alial (58 jall Jalall sl g | M\e\mg)m\maﬁ)u\mcﬁs-;(‘;j.y\:uu\)_

1 all palic G padalagpaa i (= k) o dus (K ) Jal caa

e S K Caall ) e

(il Ja j 2send) Aall oda 8 aniio ah oW1 Adlad) i ) —; (AN A ) -
EX: -

2 -3 5
Let A= 1 0 -2
1 -1 1

Sol :- (oY AR 3dai) -3 Jal

(=1 )dsY Gl palic Ml ( 1)
(k=3 )l Caall palial 3l Jalall aai Cags (2)

a11 As1t+ a12A32+ a13 As3 =(2)A31+(-3)A32+(5) A3
3 5 ‘2 5 2 -3‘
2)(-1>3*1[> 2 F(-3)(-1)°7 11 -2\+(5)<-1)3*3 1 0
2)

(1) (6-0)+(-3) (-1)(-4-5)+(5)(1)(0+3)
=12-27+15=0

(=2 ) S asanll jualic AL (1) -: Zgll sl Gobas
(k=1 )Yl asenll sualiad Gl sall Jalall 225 (2)

a12 A11+ a22A21+ a32 A31 = ? H.W
-+ Al
e Jani (13-15) 5 (3—14) oikaill (e
Al if iI=k
ail Akl + ai2 A2+ ............. + ain Akn = {
0 if 1=k
Al if J=k
aljAlk + a2j Akt ............. + anj Ank = {
0 if ] £k
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43 ghaall Calaal) Jalad)

2- 5 Adjoint Of Matrix

All A2l
adj (A) = (cof (A))' = | A12 A22
Aln A2n
Ex: -
3 -1 0
LetA= | 2 -1 1 , Find
1 2 3

Cof (a11) = Az =(-1)"™

‘ 2 1
Cof (a2)=An2=(-1)% 11
2 -1

Cof (a3 )= A13=(-1)" ‘ 1 2

M =(-1)% |2 3

Def :- If A square matrix then the transpose of the matrix of cofactor of A is
called the Adjoint of A ,i.e (adj(A) = (cof(A) )" =( Aij)’

adj (A)

cof (A) ) Gl Jalall 225 (11) -2 Jad

Sol :-
b LS5 (ad] (A) ) eabad Jaball o o (<14l Jidl 3 5 (2)

101
\: 1(-3-2)=-5

3]=(-1) (6-1)=-5

‘ = (*+1) (4+1)=5

10
Cof(@a21)=A2=(-1)° ‘2 3‘:(-1)(-3—0):3

3 0
Cof (a22)=A2=(-1)"* ‘1 31 =(+1)(9-0)=9
‘3 -1
Cof (@23 )=A2=(-1)> 1 21 =(1)(6+1)=-7
10
Cof (a3t)=Asa=(-1)" ‘-1 1 ‘: (+1) (-1-0)=-1
3 0
Cof(a32):A32:(-1)5‘2 1 ‘ =(-1) (3-0)=-3
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3 -1
Cof(a33):A33:(-1)6‘2 -1 ‘:(+1)(-3+2):-1
A1l A1 A13 -5 -5 5
> Cof (A)=| A1 A2 A3 = 3 9 -7
A1t A2 As3 -1 -3 -1.

All A21 A3l
> adj (A)=(cof (A))' =| Az A2 Ax

A13 A23 A33
5 3 -1
’ adj(A) =|-5 9 -3
5 -7 -1

Exc:-(1)
4 -6 O
LetA= | 0 1/4 5 , Find adj (A)
1 0 2/4
Exc:-(2)
1/2  -1/3  5/2
LetA=| -1/6 O -1/2 ,Find adj (A)
0 -1/2 0
Exc:-(3)
2 4 0 1
Let A o 1 -8 O , Find adj (A)
4 6 0 3
-1 3 0 6

Theorem :- If An*n square matrix then
A (adj(A))=(adj (A)A=|A| .In
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Ex : - Evaluate the determinant of the following matrices by using adjoint

of matrix
3 -1 0
Let A = 2 -1 1
1 2 3
Sol :- ag kil 3uas S oz Jad)

adj (A) 2 o s (1)
Dbl padl (e adj (A) 2 A s dala 323(2)
Ban ol dd dima (8 g pme daa i) (5 O (3)

dall e Baas ST A D23 (4)
-5 3 -
(1) adj(A)= | -5 9 -
5 -7 -

3 -1 0)(-5 3 -1
(2)A.(adj(A)=2 -1 1/|-5 9 -3
1 2 3||5 7 41
15 45 +0 9 -9 +0 3 43 40
= | -10 +5 45 6 -9 -7 2 43 -1
15 -10 +5 3 +18 -21 1 6 -3
10 0 0 1 0 0
= 0 -100 |=-10 |0 1 0
0 0 -10 0 0 1
(3) A.(adj(A)) = -10 I
(4)
+ - +
3 -1 0
Al = 2 1 1
1 2 3

101 2 1 2 -1
=(3) 2 3‘-(-1) ‘1 3 ‘+(0)‘1 2 ‘
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3(-3-2)+(1)(6-1)+0
15+5

-10 —

Al =-10
Ol dga (o Allall Gl g amaa ) dga (e 4 kail) (Gradal 0

Theorem :- If Asquare matrixand|A | # 0 ,then
At=1/]A | adj(A)
Proof G )
By theorem
A.(adj(A)= |A ] In
Since
Al % 0
Then , multiply by (1/]|A|)
1/ 1A (A.(adj(A)) = 1/ Al (] Al .1n)

(A)L/ A (adj(A) = In

1

multiply by (A
(AY(A). 1/ Al (adj(A))=AL.In by (AL.A=1In)
In.1/|A|(adj(A)):A'1.In

1/ |A|(adj(A))=A" by( A.In=A)
At= 1/ |A (adj(A))

. dade
A b sianll G sSaadl daY Baaa 3y 5k i 4l o34 Gl ¢
Ex:-

2 3 1

Let A = [—1 2 3 |, Find A" by determinant of A
0 2 1

Sol :- A ) i o3le ) A kil alafiuly (o sSall a3 Jal)

dall pe i siig a9 50 8
adj (A) =5(2)
dallasis AT=1/ A (adj (A)) Ak Gk (3)




—

A-l —

(1)A=

(2)A=

417
-1/7
-2/7

177
-217
417

Exc:- Find A™ by using the
determinant of A

-2 1 3 A

0o -1 3

1 -1 3
~

1 2 -3

1/4 6 0

1 0O -1 )

-1
+1
-1

+ - +
2 3 1
(L)|A| ={-1 2 3
0 1
2 3 3 -1
=(+2) ‘2 1‘-()‘ ‘+(1) 0
=(2)(2-6)-(3)(-1-0)+1(-2-0)
- 8+3.2 = -7
Al =0 —= A? exists
401 2
(2)cof(A) =| -1 2 -4
7 -1 7
417
—> adj (A)= (cof (A)) =|1 2 -7
2 -4 7
4 17
(3) At=1/ |A|(adj(A)=V-7 | 1 2 -7
2 -4 7

N

S, 3.4
& s L AASA.
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2-6 Cramer's Rule (IS Baeld) Ao o Apdadl) Y alaall Js

Theorem:- If AX =B be system of linear equations which have (n) variables
and (n) equations such that| Al =0 then the system has one solution is

x1= |Aail /7] Al X2= lad /1Al L, Xe= |An]s |A]

Addgiadl &) dsexdl Jae B Adshiadl jalic dagd e dadlill dd giadl Aj o) s
Ex:- Solve the following equations by using Cramers rule
X+2Y+3Z=2
2X+5Y+3Z2=3
X+8z2=4
Sol :- AUl sl ais el S ae 8 aladiuly Jall xie - Jad)
M siaall alas ) alkill Jeai (1)
Biaall 48 siaall 2anall 225 (12)
(A3 [, A2] | AL] clbiadlanadinn(3)
saclall 3uhai 3 (4)
2
3
4
B

(2) |A]=1(40)-26-15=-1 20
(3)

2 2 3
Al = 3 5 3
4 0 8

— |Al|=2(40)-2(12)+3(-20)
=80-24-60
=-4

1 2 3
A2 = | 2 3 3
1 4 8

—> |[A2=1(12)-2(13)+3(5)

=12-26+15

(1)

R

X =

=1




S, 3.4
& s LS A,

1 2 2
A3::[2 5 3 J
1 0 4
=20-10- 10
=0
X= |AL|/|A =-4/-1=4

vy=|Aa2|/lA =1/-1=1

z=1A3/ |Al =0/-1=0
Solution Set:{4, -1,0 }

-3 Aaadl,

Jaalaall dae (g b OYaleall 220 ) S Al A Gulaill ALE jal Ssacld o) (1)

Dt g b (COlleall 48 shima ) A 2aa G5 Ol (2)

ae Jian Gn) n>4 osSilaic dpluall Lalill (e 3588 e el Kol mual (3)
0P oS AL Hh Jleatin) Mdie el e (Jialaal) 2ae (g b 58 5 S3lalall

Exc:- AU @Y aleall alai Ja jel S acd aladialy
(1) X1+2X3=6

-3X1+4X2+6X3=30

-X1-2X2+3X3=8

2) X1+2X2+3X3=6
2X1-2X2+5X3=5
4X1-X2-3X3=0

(3) X1+X2=3
X2+2X3=2
X3+3X4=1
4X1+X4=0

(4) X1+2X2+X3=0

3X1-X2-2X3=9
4X1+3X2-3X3=




